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Abstract

This paper presents a systematic method by which closure relations for the ensemble-averaged
equations of disperse two-phase flows of solid spheres can be derived. The method relies on the direct
numerical simulation of three flow situations: equal forces or couples applied to the spheres, and an
imposed macroscopic shear flow. A crucial aspect of the work is that it focuses on systems that are
spatially non-uniform on average. It is shown that, due to this feature, several new terms arise in the
constitutive relations that would vanish for a uniform system. For example, while the usual effective
viscosity is recovered in the closure of the stress tensor, it is found that other terms are also present,
which confer a markedly non-Newtonian nature to the rheological constitutive equation. © 2001
Elsevier Science Ltd. All rights reserved.
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1. Introduction

In Part I of this work (Marchioro et al., 2000; hereafter referred to as Paper I) we described
a method based on direct numerical simulation to characterize the ensemble-average behavior
of spatially non-uniform suspensions of spheres at small Reynolds numbers. In the present
paper we shall use the results of those simulations to derive in a systematic manner constitutive
relations for the description of such systems by means of averaged equations. The restriction to
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small Reynolds numbers is limited to the local scale, rather than to the global macroscopic
flow, and therefore, the constitutive relations that we derive are actually applicable also at
finite global Reynolds number flows.

We stress the fact that our procedure is systematic and therefore has the capability of
producing relations which would be difficult to deduce either experimentally or by a priori
considerations. For example, the stress tensor in the mixture is found to be non-Newtonian
and non-symmetric. These features are inherently linked to spatial non-uniformities and
disappear in the case of a uniform suspension, which explains why they were missed until now.
Even though some of the new terms that we find may be small in many cases, they are of great
importance in establishing the mathematical structure of the equations (e.g. hyperbolicity, with
well-known implications for their numerical solution) and in describing the flow in regions of
relatively rapid spatial variations due, for instance, to the accumulation of particles in certain
flow structures.

Our method is based on the analysis of direct-simulation results in terms of particular a
priori vectors and tensors characterizing each simulation (e.g., an applied force), and on the
elimination of these vectors and tensors in terms of averaged quantities (e.g., the mean
volumetric flow velocity) so as to obtain intrinsic (i.e., at least formally, flow-independent)
constitutive relations. Even though systematic, the method is not exact. In the first place, it
relies on numerical simulations that we are only able to carry out with limited accuracy.
Secondly, we use perturbation tools that give results only accurate to first order in the spatial
particle non-uniformity and other non-uniformities induced by it. The first deficiency can
readily be remedied with more powerful computational tools. Although the second one can in
principle be allayed by carrying more terms in the perturbation expansion, to some extent it is
inherent to the method. Nevertheless, the new generation of constitutive relations that we
derive, even if possibly of incomplete generality by themselves, should help focus future
simulation work and constrain further refinements of constitutive relations.

In spite of the impressive strides made by the direct numerical simulation of disperse multi-
phase flows (representative recent studies are those by Sangani et al., 1996; Sangani and Mo,
1996; Phung et al., 1996; Stock, 1996; Hu, 1996; Kang et al., 1997; Ladd, 1997; Koch and
Ladd, 1997; Morris and Brady, 1998; Ahmed and Elghobashi, 1999; Nobari and Tryggvason,
1996; Pan and Banerjee, 1997; Johnson and Tezduyar, 1997; Glowinsky et al., 1999), it is hard
to overestimate the importance of a description in terms of averaged equations. In the first
place, the direct numerical simulation of realistic flow situations still belongs to a distant
future. Furthermore, even should such calculations be feasible, the staggering amount of
detailed information that represents their outcome would often be unnecessary and require
massive and complex post-processing — in fact, averaging — to be of practical value. If such
averaged quantities could be produced directly, rather than a posteriori, there would be an
obvious advantage.

The reason why, after many decades of efforts, the precise form of the averaged equations is
still a matter of dispute is that any form of averaging leads to more unknowns than the
available equations. Some of the information lost in the averaging process must be
reintroduced, and no systematic way of achieving this objective has been devised save in a few
highly restricted cases, such as small disperse-phase volume fractions. The fact that our
procedure is systematic should therefore be of particular value as it removes — to some extent
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at least — the guesswork that has been a prominent feature of this area of investigation for so
long.

A detailed description of our techniques is given in Paper 1. Here we give a short summary
of its salient features not only to enable the present paper to stand by itself but, more
importantly, to bring out the essential framework of the study uncluttered by the details that
are necessary to explain it fully.

2. The averaged equations

It is necessary to start with a summary of the averaged equations, mixture pressure, mixture
stress, and related terms derived in Marchioro et al. (1999); (hereafter referred to as Paper II).
In this section we present a very abbreviated treatment, relegating some definitions and other
details to Appendix A and directing the reader to the original reference for derivation and
analysis.

Both phases are assumed to be individually incompressible and therefore the mean
volumetric flow rate u,, i.e., the ensemble mean velocity at a point, irrespective of the phase
occupying that point (see Eq. (A.1)), is divergenceless:

V-u, =0. (2.1)
The balance equation for the particle number density 7 is

on + V. (nw) =0, (2.2)
ot
where w is the ensemble average velocity of the particle center of mass (see Eq. (A.3) for a
precise definition). We refer to this type of averages, denoted by an overline, as particle
averages, to distinguish them from the phase averages introduced later. The particle average is
the natural ensemble average for quantities referring to a particle as a whole (such as, here, the
center-of-mass velocity), rather than to particle fields (e.g., the average velocity of the particle
material at a certain given point x; see Appendix A).

For the purposes of the present work, it is unnecessary to consider the inertia terms of the
averaged equations, which are therefore omitted. Upon taking the particle average, the
equation of motion for a particle is

J dSec -n+ vppg = 0. (2.3)
|r|=a

Here v = %‘na3, with « the particle radius, is the particle volume and oc is the microscopic

continuous-phase stress tensor, the integral is over the particle surface, and n is the outwardly
directed unit normal; pp is the density of the particle material (assumed uniform) and g the
body force. It was argued in Paper II that it is advantageous to decompose the total
hydrodynamic force on the particles — the integral in Eq. (2.3) — into a large-scale (or
generalized “‘pseudo-buoyancy’) component and a component f due to the mean local flow
around the particle:
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J dSec -n=vV-(—ppl+ 2¢c) —f. (2.4)
[rl=a

The mixture pressure p, and viscous stress Xc are defined in Egs. (A.6) and (2.8). It is
important to keep in mind that these definitions are phrased solely in terms of the microscopic
continuous-phase stress. The analysis of Paper II was based on a study of the transformation
properties of the average fields when the microscopic continuous-phase pressure pc is subjected
to a gauge transformation, pc—pc + ¥, with  an arbitrary harmonic function. It was shown
that, while the quantity p,, defined in that paper transforms as p,,—pm + ¥, both X and f are
invariant under the transformation. As a consequence, one would expect the closure relations
for these quantities not to involve in the pressure field.

With the decomposition (2.4) we write the momentum balance for the particles in the unit
volume in the form

nV(— pml+ 2Z¢) — nf + nppg = 0. (2.5)

A general form of the continuous-phase momentum equation is given in Paper II; for the
present case in which inertia is negligible and, as shown by Eq. (2.3), the total hydrodynamic
force on the particles is a constant, this general form simplifies to

BcV(— pul + Zc) + Bpf + Bepcg = 0. (2.6)

Here fic p are the volume fractions of the continuous and disperse phases defined by
1
B, 1) = | 46V c, o0 NPV ) )

in which yc p is the characteristic, or indicator, function of the phases. The integral in (2.7) is
over the ensemble of configurations of N identical particles distributed according to the
probability density P(N; ¢). Since the particle surface has zero measure, yc + yp = 1 and, as a
consequence, f- + fp = 1. The time variable is unimportant for the present purposes and its
explicit indication will be omitted henceforth.

It will be noted that, since S, is not quite equal to nv for a non-uniform suspension, as
shown in (A.5), the two momentum equations (2.5) and (2.6) do no precisely satisfy the
action—reaction principle. This fact is discussed at length in Paper II, and is a consequence of
the use of different averages for the particles in the continuous phase. The reasons for this lack
of symmetry in dealing with the two phases are discussed in detail in our earlier work (Zhang
and Prosperetti, 1994, 1997; Marchioro et al., 1999, 2000). It is explicitly shown in Paper II
that, when the particle average is reduced to the phase average for the disperse phase, the
action—reaction principle is precisely satisfied.

It is shown in Paper II and in Appendix A that the average viscous stress in the mixture, X,
can be decomposed as

(Zc)y= —qmdj + Sy + & (R — €10V, ). (2.8)

where ¢, is a scalar, S a symmetric tensor, R a pseudo-vector, and V a vector. All these
quantities can be expressed explicitly in terms of particle averages of quantities that are
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computed from the results of the numerical simulations. Explicit expressions are given in
Appendix B.

In the following it will be seen that an equation for the angular velocity of the particle phase
is also necessary. Neglecting inertia, this equation is (Zhang and Prosperetti, 1997)

aJ dSn x (6c-n)+T=0, (2.9)
Ir|=a

where T is the mean external couple acting on the particles.

The quantities to be closed are ¢, S, R, V, f, and the mean hydrodynamic couple (first term
in Eq. (2.9)). It should be explicitly noted that all these quantities are invariant under a gauge
transformation of the pressure.

3. Method of closure

The momentum balances as written in the previous section involve more quantities than
there are equations for. This is the well-known closure problem that plagues any attempt at
deriving averaged equations. Here we describe the principle of the method by which we shall
systematically derive — rather than “‘guess” — closure relations relating the auxiliary variables
expressed in terms of averages to the fundamental average fields that we take to be Sy, pm, Um,
and W and the mean particle angular velocity Q.

Our method is based on a numerical implementation of the ensemble averaging principle:
many realization of the same macroscopic flow are generated numerically and the results are
then averaged.

In broad outline, the approach is as follows. Let a particular flow be characterized by
parameters ¢, ¢2,...,gx—1- In practice, these quantities could specify a characteristic spatial
scale, an applied force, and so forth. All the average quantities that arise in the numerical
solution of the problem, such as, the mean volumetric flow velocity u,, the mean center-of-
mass velocity of the particles w, the mixture stress Xc, etc. will then also be functions of the
same parameters:

Uy = Un(X; q1, 425+ - - 5qK—1)s (3.1a)
V_VZ\TV(X; ql,qz,...,qK_]), (3.1b)
Zc=2c(X 41,92, - - - qK-1)s (3.1¢)

Choose K quantities as primary (e.g. pressure, velocities, volume fraction, etc.). By eliminating
x and the g¢;’s between these K primary quantities and the remaining ones, a series of
functional relations is obtained that are, at least formally, problem independent:

ZC = Zc(llm, W,... ) (32)

If these relations are indeed intrinsic constitutive, the particular problem or parameters that



242 M. Marchioro et al. | International Journal of Multiphase Flow 27 (2001) 237-276

have been used to derive them are of no particular importance and can, therefore, be chosen
with convenience in mind.

It is of course by no means obvious that such intrinsic constitutive relations exist, but
certainly, if they do not, any averaged description of the system is impossible. Hence, we
proceed on the heuristic assumption that, at least in some approximate sense that has a
practically useful domain of applicability, they do exist.

The steps in implementing the above procedure consist therefore in deriving the
parameterizations (3.1) for one or more selected flows, compute the coefficients that appear in
these relations by numerical simulation, and carry our the elimination process leading to Eq.
(3.2) for all the necessary average quantities.

It will be seen that, in order to carry out this program, it is necessary to simulate spatially
non-uniform suspensions. The method by which this is achieved has been explained in Paper I
and need not be repeated here.

4. Numerical simulations

In order to simulate an infinite suspension, we use the well-known device of filling up space
with copies of a fundamental cubic cell of side L (see e.g. Sangani and Yao, 1988; Mo and
Sangani, 1994). For each volume fraction, we generate a large number of configurations by
randomly arranging N particles in the cell. As described in Paper I, we have satisfied ourselves
that the two-particle distribution function calculated on the configurations of these ensembles
is in very good agreement with the known result for hard spheres (see e.g. Throop and
Bearman, 1965). We have also calculated the nearest-neighbor distribution function and the
static structure factor, finding results in agreement with those in the literature (see e.g.
Torquato and Lee, 1990; Studart et al., 1996).

The exact microscopic velocity and pressure fields in the suspension are written in the form

uc = Uy + U, pc = Poo —|—p~c (4.1)

where U, and P, are imposed velocity and pressure fields and iuc, p- have the same
periodicity as the fundamental cell (Mo and Sangani, 1994). These fields are calculated by the
method of Mo and Sangani (1994), briefly summarized in Paper I (see also Appendix B). In all
the situations that we consider, V?*Uy = 0.

As described in detail in Paper I, on the ensembles that we have generated we construct a
slightly non-uniform probability distribution characterized by a sinusoidal variation

sink - x, (4.2)

where |k| =2n/L and the direction of k is taken along one of the sides of the cell. The
resulting number density is

n=n"+e’sink-x, (4.3)

where n° and »® are constants dependent on the volume fraction and cell size and |¢| < 1.
Similarly,
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Bp = B + efisink - x. (4.4)

The sinusoidal spatial dependence exhibited by these relations applies to all the average fields,
generally including also a term proportional to ecosk-x that happens to vanish in the
expressions for n and . Note that since, on the particle scale, L is large, the spatial variation
expressed by relations such as (4.3) is slow when measured on the scale a. Note also that, since
the average fields (with the exception of the pressure) depend sinusoidally on position (see e.g.
(4.3)), every derivative introduces an additional power of k = 2n/L.

The spatially periodic structure that we rely upon plays a two-fold role, one useful — the
introduction of a controlled spatial non-uniformity — and one undesirable, namely the
possible contamination of this spatial non-uniformity by spurious consequences of the
underlying repetition of the unit cell. In some cases, these two sources of k-dependence can be
separated. For example, the factor k? that would arise upon calculating V2, from Eq. (4.4) is
evidently solely due to the spatial non-uniformity. Conversely, a k-dependence encountered in
quantities calculated for a spatially uniform system must be an artifact of the periodic
structure. An example given in Paper I is the hindered settling function for sedimentation
(Fig. 4 of Paper I); Mo and Sangani (1994) find a similar dependence for the permeability of a
porous medium. On the other hand, this artifact is sometimes absent as found in the case of
the effective viscosity for simple shear (solid lines in Fig. 17 of Paper I), which turns out to be
independent of cell size. When the k-dependence appears upon plotting the numerically
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Fig. 1. The quantity s% defined in Eq. (6.10) as a function of ka for ﬂOD = 15% (triangles), 25% (black circles), and
35% (squares); the lines are least-squares fits of the form A + B(ak)>.
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computed coefficients as functions of ka in terms related to the spatial non-uniformity (see e.g.
Figs. 1 and 2 and the text following Eq. (6.10)), however, an ambiguity exists.

In principle, to avoid this contamination of the k-dependence of the quantities we calculate,
one could repeat the averaging with non-uniformities having wavenumber 2k, 3k, etc., and try
to separate in this way the k-dependence genuinely due to the spatial non-uniformity.
Unfortunately, convergence of the averages when the wavelength is decreased becomes very
slow, and this approach is impractical with our current computational resources. Thus, in this
paper, we shall mainly rely on results obtained in the limit k—0 for a fixed volume fraction.
Since, as is easily shown,

62 173
ka = (%ﬁ%) , (4.5)

for each value of ﬂ%, this extrapolation requires simulations with different numbers N of
particle in the cell, from a minimum of about 10 to a maximum of about 60. The range of
values of ka that we are able to cover is therefore from about 0.5 to 1.

Three distinct physical situations have been simulated. In the first one, the motion of the
particles is induced by a body force g and U, is an arbitrary rigid-body motion. Under the
action of this force, an isolated spherical particle of radius a would move with the velocity

1.0 ;
0.5 )
0.0 N i

A A4 e® o ® . ._”Dﬂ_.jn___.-
o T T T NS
mE __________ .—_h_c‘_u___n_q_n___.un_—
————————————————————————— nn DD a
-1.0f . o]
- 62 = 15% o |:x':l o
15k ——- B = 25% |
----- 5 = 35% .
-2.0+ 4
-2.5 L
0.0 0.5 10
ka

Fig. 2. The quantity s}, defined in Eq. (6.10) as a function of ka for ﬁOD = 15% (triangles), 25% (black circles), and
35% (squares); the lines are least-squares fits of the form A + B(ak)>.
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%PD—Pcaz

W—-Uy =
9 ke

g (4.6)
The second flow is induced by an imposed simple shear characterized, up to an arbitrary rigid-
body motion, by

Uoo =79 X, (47)

with y being a symmetric traceless constant two-tensor. The third situation considered is one in
which each particle is subject to a couple T under the action of which an isolated particle
would rotate with the angular velocity
1 1
ow—-VxUy=—-T, (4.8)
2 6vic
where, again, Uy is an arbitrary rigid-body motion. In the last two simulations, we take g = 0.

For each configuration of the ensemble, we impose on the system in turn the three
perturbing agents mentioned before and calculate the multipole coefficients describing the flow
around each sphere (see Appendix B and Mo and Sangani, 1994). Since we are dealing with
Stokes flow, it is not necessary to follow the evolution of the system in time, as the entire flow
only depends on the instantaneous configuration of the spheres.

Some details on the method of numerical simulation used to generate the present results are
given in Paper I and will not be repeated here. It will suffice to say that we use the method
described in Mo and Sangani (1994), whose code has been substantially rewritten and
developed. Naturally, we have made sure that the results given by the original code and our
code coincided. The particles were represented by five singularities. In some cases, six
singularities were used finding essentially identical results at the two lower volume fractions of
15 and 25%, but some differences at the highest volume fraction of 35%. Unfortunately, the
computational resources at our disposal prevented us from using six singularities for all cases.

One of the obstacles encountered in this work has been the slowness of convergence of the
average quantities related to the spatial non-uniformity. All the results that are shown below
are based on the average of results for at least 1000 configuration for each value of ﬁOD and
each value of ak. Thus, the total number of individual simulations that we have conducted for
this work is well in excess of 100,000. In spite of this effort, in some cases the residual
numerical scatter suggests that it would be desirable to average over an even larger number of
configurations. Before doing so, it seems reasonable to wait for better numerical methods and
computing hardware, particularly in view of the need to extrapolate to ka = 0. The chief aim
of this work is to describe the method; the actual numerical results presented should be
regarded as preliminary. We hope to be able to refine the present calculations in the near
future by means of a new simulation method currently under development in our group.

5. Primary and derived variables

According to the plan outlined in Section 3, we need to identify a set of primary averaged
quantities in terms of which to express all the closure quantitiecs. The motion of a volume
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element of the suspension is defined by the mean volumetric flux u, — Uy. The mean particle
motion relative to u, will be described in terms of the interphase “‘slip” velocity

Uy = W — Uy, (5.1)

and the mean particle rotation relative to the mixture by the interphase slip angular velocity
= 1
Q) =Q — EV X Up, (5.2)

both these vectors being objective. The local composition of the suspension is specified by the
disperse-phase volume fraction f. The two continuity equations (2.1) and (2.2), the
momentum equations (2.5) and (2.6), and the angular momentum balance (2.9) constitute a set
of five equations from which uy,, ua, fp, €4, and the mean pressure p, can be determined. It
may be noted that this formulation is similar to that of the widely used two-fluid models. In
terms of these primary variables, we can construct a certain number of scalars, vectors, and
tensors that will be used in the closure, as follows.

5.1. Polar and axial vectors

The only Galilean invariant polar vector with no derivatives available for the closure is the
slip velocity ua. Vectors like u, — Uy or w — Uy would be Galilean-invariant, but Uy, is a
simulation-dependent quantity, and therefore, cannot be allowed in the closure relations as
discussed in Section 3.

With one derivative one can form the polar vectors Vf, and Vpp; since the latter is not
invariant under a gauge transformation of the pressure, however, it cannot be used for the
closure of gauge-invariant quantities (see Paper II). Two other admissible polar vectors with
one derivative are

V x QA, .QA X VﬁD- (53)
Two possible vectors with two derivatives are
Vi,  Vfp-En, (5.4)

where E,, is the rate of strain of the mean volumetric flow rate uy:

E, = %[Vum + (Vun)"], (5.5)

with the superscript T denoting the transpose. With two derivatives, from u, and f we can
also construct

V(V-up), Vs, wpV2Bp,. (us- V)Vp. (5.6)

Terms analogous to the last two with u,, in place of up cannot be used for closure as they are
not Galilean invariant; a term analogous to the first one would vanish by Eq. (2.1). A term of
the form (Vpp - V)u, is of the order €2 and cannot be determined by our method.
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As already mentioned, all the average fields depend sinusoidally on position (see e.g. (4.3)))
and therefore every derivative introduces an additional power of k =2rn/L. Since, on the
particle scale, L is large, we may think that any additional derivative reduces the order of
magnitude of a quantity by one order in k. It may be recalled from Paper I that, as k—0, u,
diverges as 1/k> for the case of sedimentation and as 1/k for the applied shear. For this
reason, both vectors (5.4) are of order 1 or k as k—0. On the other hand, u, is finite for k—0
and therefore all the terms in (5.6) are of order k2 in the present simulations.

By similar arguments, admissible axial vectors are

Qn, QVPp, VQa, V(V-24), (2 -V)VPp, Vx (En-VBp), VIV xuy)
(5.7)
V xup, up x Vfp,

but not the corresponding expressions with u,, in place of up due to lack of objectivity and

Galilean invariance. We do not include a term such as V?(V x uyp), which is at least of order
k.

5.2. Symmetric tensors

In addition to E,,, the available traceless symmetric tensors are the rate of strain of the slip
velocity

Ex = 5[Vos + (Vo)) - 29wt (58)
and
1 1
Ey = E[UAvﬁp + (uaVpp) ] - g(UA - Vfp)L (5.9)
VE,, E.V?fp. (5.10)

Since antisymmetric two-tensors are expressible in terms of axial vectors, we shall have no need
for them. For the reasons noted before, we do not include tensors constructed with higher-
order derivatives.

5.3. Scalars

Aside from fi, and py,, the only scalars available for the closure relations are
V - ua, Uua -VﬁD. (5.11)

As pointed out in Section 7, it is not necessary to include terms with higher-order derivatives.
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6. Symmetric part of the viscous stress

As expression for the viscous stress S is given in Eq. (A.8) of Appendix A. This definition is
in terms of averages of the local fields which are computed from the results of the numerical
simulations. Thus, S can be considered as known in a form analogous to Eq. (3.1c). The task
that we now undertake is to derive a closure relation for it by expressing it in a form
analogous to Eq. (3.2).

The tensor S is symmetric and traceless and must therefore be expressed in terms of tensors
of a similar nature. On the basis of the linearity constraint applicable to the present case of
Stokes flow and of the considerations of the previous section, we therefore write

S = 2tesiEm + 2uAE + 2u9Ev + 21,a”En V7 By + 2119a”V *Eny, (6.1)

and try to determine the coefficients in a consistent way from the numerical results of the
simulations.

Upon taking the divergence of S as given by Eq. (6.1), one would end up with fifth-order
derivatives of the velocities in the averaged momentum equation. Without getting into the
complex (and not fully resolved) question of the appropriate boundary conditions for the two-
fluid model, it is clear that, unless a new class of boundary conditions were formulated, it
would not be possible to solve such high-order equations. If one were to limit the theory to the
customary second-order velocity derivatives in the momentum equation, the last two terms in
Eq. (6.1) should be considered of higher order and dropped. The reason why we do not do so
quite yet will be clear from the considerations that follow.

An unfortunate but unavoidable feature of the analysis that follows is the appearance of a
large number of coefficients that must be evaluated numerically. In order to avoid lengthy
repetitions, we rely on the results of Paper I to which the reader can refer for definitions. For
clarity, it is best to first consider separately the cases of an imposed shear, sedimentation, and
applied couple deriving the appropriate relations from which the effective viscosities are to be
found. After this step, we shall consider the problem of solving these equations.

6.1. Shear

Using the results of Section 9 of Paper I we write

c

U, =7 X+ 7ec’yla (6.2)
up = azk<u’iyl + uﬁy”)ec, (6.3)
where

'))”:(m'ym)m, 'yL:'ym_(m'ym)m’ (64)
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k

¢ = esink - x, €. = ccos k - x. (6.6)

As shown in Paper I, the coefficients U, u, | appearing here are finite in the limit k—0.

From Egs. (6.2) and (6.3) we can calculate the tensors that arise in the right-hand side of
Eq. (6.1). Before substituting these results into Eq. (6.1), it is important to note that E,, is O(1)
rather than O(e). Since all the viscosities, and in particular u., are a function of
Bp = BY + Bles, we have

terr (P ) Em = [Neff(ﬁoD) + il;e;fﬁig%}l@m +0(e?). (6.7)

We can now proceed with the substitution of the expressions for E,, Ea etc. into Eq. (6.1) to
find

\) dtue C )
S= 2[,ueff + ﬁ‘D( £ _ azkz,ul)esj|y - 2a2k2u”,uA6stu

d
P (6.8)
- 2[1“efoC +a’k? (uau, — MOUC)]Q'G}&’
where
, 1 .
G), = (y” . m) (mm — §I)’ G = yim + myt. (6.9)

On the other hand, S can be calculated directly from its definition (A.8) in terms of ensemble
averages of the multiple coefficients of the local expansion of the fields near the particles. On
the basis of considerations similar to those described in Marchioro and Prosperetti (1999), it is
found that the numerical results thus obtained can be parameterized in the same way as in the
right-hand side of Eq. (6.8):

1 , o , .
,u_S = (so + séex)y + 55¢,G + azkzs‘jwéxG}M. (6.10)
C

We stress again that the coefficients s are to be considered known as a result of the numerical
simulations. In order to give an idea of the character of these numerical results, Figs. 1 and 2
show graphs of s% and s}, as functions of ka for BOD = 15% (triangles), 25% (black circles), and
35% (squares); the lines are least-squares fits of the form A + B(ak)>. It is seen that the results
for s% are smooth and reasonably well fitted; for 59, the 15% results are smooth, while the
higher-ﬁoD ones exhibit irregularities probably due to an incomplete convergence of the mean.
These two figures are typical of the numerical results that we encounter; further examples can
be found in Paper 1.
If Egs. (6.8) and (6.10) hold simultaneously, it is necessary that
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1

Mar _ 1o (6.11)
pe 2

d (e ot 18
— —a’k* =t =, (6.12)
dfp < Uc ) e 2Bp
Keft 17 +a2k2(ﬂ_Aui _ &U“) — s (6.13)
Hc He He
fA e (6.14)

Hc

A consideration of these equations justifies the retention of higher-order derivatives in our
closure equation (6.1) since we see here that u, appears to be in the same order in k as u,.
Thus, even if the term g, is eventually to be disregarded in the averaged equations, if it had
been dropped in writing Eq. (6.1), the numerical value of u, would be calculated incorrectly; a
similar situation is encountered for the case of sedimentation. This peculiarity arises because of
the rather artificial nature of the situations that we simulate, which leads to some coefficients
diverging in the limit k—0 (see e.g. (6.2) and the considerations in Paper I). This feature would
not be present in the simulation of more physical flows, to which therefore terms such as
E.V?pp and V2E, would not be expected to contribute significantly.

6.2. Sedimentation

From Section 8 of Paper I we write

U’ n
u, — Uy = W@YW > (615)
u = W + uieSWL + uﬁesW”, (6.16)
where
W =W mm W =I-mm) W, (6.17)

and @° = @(ﬁ%) is the hindered settling function for sedimentation evaluated at the

unperturbed volume fraction ,8]03. In Paper I, the numerical results for this function were fitted
by

o) = (1 - Bp)" ™, (6.18)

with ¢; = 6.50, ¢, = 3.18. As before, the coefficients appearing in Egs. (6.15) and (6.16) have a
finite limit as k—0. From these expressions, we can calculate the tensors that arise in the right-
hand side of Eq. (6.1) to find
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U’ ) )
S = k[mm + uptl’, + pg @Y — uoUs]echV + Q[MAuﬁ + uvéoﬁg]kecGZ, (6.19)
where Ggf y are given by

1
Gy =W'm+mW', G)=(W-m) (mm — 31). (6.20)

The next step is to calculate S from its definition and to parameterize the results in the same
form as in Eq. (6.19):

1 SCS w c w
%S = k<a2k2GS +55,G)y )ee (6.21)
If, by analogy with Eq. (6.10), in this parameterization one were to introduce a term like
s5¢sGg, one finds numerically that s = O(1), while s = 0(10*3). Hence, we feel justified in
dropping such terms in Eq. (6.21).

Upon comparing with Eq. (6.19), we are led to

%US + azkz(Z—Auj + Z—Vdioﬁf) - z—OUS) = 5§, (6.22)
C C C C

UA 0ps Hv 1 c

=uy + P fr— = =54, (6.23)
pe ! Puc 2

These are the only two equations involving uy. It is convenient for the following developments
to use the second one to eliminate this quantity from the first one with the result

Heft 715 22.2| 1,8 syHA Mo 75 N P P
U4+ ak”| (W —u))—= ——=U"| =55 — za‘k"s,. (6.24)
Hc [( * ”)MC Hc ] 52 M

6.3. Couple

For the case in which a couple T acts on each particle, we have from Section 10 of Paper I:

u, — Uy, = %ecm X W, (6.25)

uy = a’kue,m x o. (6.26)
Upon substitution into the closure relation (6.1) for S we find Ey = O(¢?) and, therefore,

S = —[uenU + @k (au — 1y 1) |6,GY, (6.27)
with G¢=(m x w)m+m(m x w). From the direct numerical calculation, on the other hand,

S = s5,41c G2, (6.28)
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Table 1

Numerical values of the dimensionless effective viscosity p.gz/tc as determined from the three flow situations
considered in this paper. Note the substantial consistency among the various results indicating the independence of
this quantity from the particular flow considered

B (%) Egq. (6.11) Egq. (6.33) Egq. (6.34) Eq. (6.35)
15 1.52 1.52 1.49 1.50
25 2.10 2.09 2.01 2.07
35 3.02 3.02 2.90 3.00

from which, upon comparing,

Feit gy 22 (B8, — Bop) = . (6.29)
Uc HUc Uc

6.4. The effective viscosities

Before drawing the consequences of the previous relations, it is important to remind the
reader of the sense in which they must be understood. The closure relation (6.1) is proposed as a
relation of general validity, independent of the particular flow considered (for a given particle
probability distribution). Hence, the effective viscosities appearing in it will depend in general on
the volume fraction? but not on the parameter k& which, together with ¢, g, etc., characterizes
the particular flow considered. For example, the dependence of S on k as expressed by Eq.
(6.8) must arise from the k-dependence of the average fields (6.2) and (6.3) rather than directly
from a k-dependence of the effective viscosities. This is another reason why we have inserted
high-order terms such as V’E,, in Eq. (6.1). One could avoid this term by simply writing
UeEm in the closure relation, but this procedure would then lead to the k-dependent relation

Hefy = Hegr — (ak)zﬂo- (6.30)

Retaining all the terms appearing in Eq. (6.1) has the effect of enabling us to treat the effective
viscosities as constants, at least up to O(ak)? included.

The first relation (6.11) was examined in Paper I, where it was found that the expression in
the right-hand side is independent of k& and coincides with the effective viscosity of a uniform
suspension as calculated by several authors (see e.g. Ladd, 1990; Mo and Sangani, 1994). Fig. 3
shows calculated values of p./uc for several values of ﬂ% (circles; the segments will be
explained later). Some numerical values are given in Table 1. The line is the fit

-0
,ueff(ﬂOD) _ (1 . ﬂ]OJ ) ’ (6.31)
HUc ﬁmax

with .. = 0.79, 8 = 1.94 given in Paper I.

max

2 In principle, of course, they will also depend on the particle probability distribution (see e.g. Zuzovsky et al.,
1983) for which, however, a definite choice — randomly placed hard spheres — has been made in this study.
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Fig. 3. The normalized effective viscosity u.g/pc as a function of the disperse-phase volume fraction ﬂOD.

Let us now consider the second relation (6.12). Since . is independent of k, so is its
derivative. The left-hand side of the equation then suggests a quadratic interpolation 4 + B(ak)?
for the right-hand side, which is compatible with the numerical results. In the limit ak—0, the
term a’k>(u,/puc) in the left-hand side vanishes and what is left is the consistency condition

d 7 Pege L. s

ot () = 2l (©32
The values in the left-hand side can be found by differentiating (6.31) and, for f = 15, 25, and
35%, are 4.56, 7.52, and 13.7, respectively. The corresponding values of the right-hand side
obtained from the least squares fit are instead 4.56, 7.11, and 11.3; the straight dashed lines in
Fig. 3 have been drawn with these slopes. The agreement is excellent at the smaller volume
fractions. The discrepancy for S = 35% is somewhat larger but, as explained before, these
results may not be as accurate due to the use of an insufficient number of singularities to

represent the particles.
According to Eq. (6.12), the coefficient of the term (ak)?, in the least-squares fit of the right-
hand side should be identified with yx;; some numerical values for this quantity are shown in

Table 2. The dilute-limit result is y;/puc = §p.
By a similar argument, from Eq. (6.13) we deduce that, in the limit ak—0,

S
Hett _ _ Sso.

0. (6.33)
e Uy
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from Eq. (6.24)

C
et Ssp |

== (6.34)
Hc U
and, from Eq. (6.29),
Heft _ S50
== 6.35
Hc Uo ( )
where, for brevity, we write
S0 = a}(lgoss, (6.36)

etc. These relations must be satisfied for the consistency of the present approach. The
numerical values shown in Table 1 indicate that this is indeed so to a good accuracy. This
remark is important as, on the one hand, it substantiates the correctness of the approach and,
on the other, shows the independence of the effective viscosity from the particular flow
considered (for a given particle probability distribution); this, of course, is an essential feature
of an effective physical property appearing in a closure relation.

Eqgs. (6.33)—(6.35) can be used to remove the k-independent terms from the corresponding
Egs. (6.13), (6.24), and (6.29) to find, after division by (ak)®,

Ha Mo s Hetf 7 ¢
U o——-Ui— = -5, — —US, (6.37)
lo,uc ONC 52 Hc ?
o\ HA « Ho - 1. Heff 775
o —up)— —Upg— = 5% — =55, — U?, (6.38)
( 10 HO):“C OHC 527 5°M0 lic 2
A — U = 55, — Beft (6.39)
Hc Hc Hc
where
s SE’ — Sf?O
s , 6.40
Ss2 = (ak)? (©40)
Table 2
Computed values of the effective viscosities uy and g,
B (%) o/ tic 1/ pe
O(p) 0 iPo
15 1.17 0.228
25 2.65 0.495

35 7.39 1.05
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Table 3

Calculated values of p,/uc for the three cases

ﬂ% (%) Sedimentation Couple Shear
O(Bp) - - 1y
15 0.408 0.408 0.650
25 0.947 0.937 0.951
35 2.17 2.10 2.07

etc. Together with the k£ = 0 limit of Eq. (6.14), namely

S
Ha _ SMCO , (6.41)
Uc 2u”0

these are four equations in the two unknowns u, and p,. With a sufficient number of high-
accuracy numerical simulations one should be able to solve any pair and find that the solution
satisfies to a good accuracy the remaining two equations. Unfortunately, this straightforward
approach is not available here because of the scatter of the numerical results that prevents a
reliable determination of the fitting parameters. Hence, we take a less direct route as follows.

We first solve Egs. (6.37) and (6.38) for u,, iy, and then Eqgs. (6.38) and (6.39) for the same
quantities. The two sets of values are similar, but not as close as it would be desirable. To
improve this preliminary estimate we form a combination, f say, of the sums of the squares of
the three Eqgs. (6.37)—(6.39), and determine the fitting parameters on which f depends most
strongly. This study reveals that these are u}, and s§,, and we therefore consider f=
S, $440)- We then increment these parameters by a small amount determined in such a way
that the new value of f, approximated by the lowest-order Taylor series, vanishes. This
procedure leads to new values for u,, y, as computed from Egs. (6.37), (6.38) and (6.38), (6.39)
that are now very close to each other as shown in Tables 3 and 4. Finally, we verify whether
the value of u, thus obtained is consistent with Eq. (6.41). Although, apparently, this is the
simplest relation, it is unfortunately the one affected most strongly by the imprecision with
which the fitting parameters can be determined.

This procedure could be improved in several ways, but at the cost of a significantly greater
amount of work. Rather than proceeding in this direction, at this stage it appears more
appropriate to wait for better numerical results obtained with a significantly larger number of
particles and configurations. Such computations are currently under way. In any event, the
results shown in Tables 3 and 4 already show a satisfactory degree of consistency. The
numerical results can be fitted by?

3The exponents in these fits are close to 2 and one would be tempted to try a fit ocﬂé. The result is
Upn U = 16.80[},%, Uy /e = 51.05[35, but the fit is not as good as that provided by Eq. (6.42).
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Table 4

Calculated values of p,/uc for the three cases

M. Marchioro et al. | International Journal of Multiphase Flow 27 (2001) 237-276

/3% (%) Sedimentation Couple Shear
7
O(Bp) - - P
15 0.0218 0.0217 §%a10
25 0.0293 0.0301 0.0387
35 0.104 0.106 0.109
EA _qasplon, BV g1 5p21%8, (6.42)

Uc

These lines and the computed points are shown in Fig. 4.

Uc

In developing the previous considerations concerning terms of order (ak)*> we have ignored
the difficulty mentioned earlier of a possible contamination of the k-dependence by the
underlying periodic structure. The degree of consistency among the numerical values calculated
supports this procedure although, strictly speaking, the quantitative conclusions drawn in this
section should be considered as tentative.

Ma

My

[e)) ~ (04) ©O (@)
T

N
T

Fig. 4. The computed values of u,/pc (open circles) and puy/pc (solid circles) as functions of ﬂOD; the lines are the

fits (6.42).
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Table 5

Calculated values of Q;, Q,, V1, R, for three volume fractions

By (%) 0 0> Vi Ry
15 0.260 1.150 0.00474 0.569
25 0.432 2.39 0.134 1.12
35 0.855 5.55 0.315 1.89

7. The isotropic part of the viscous stress

The isotropic part of the viscous stress must be closed in terms of the scalars (5.11), and we
therefore write

1
M—Qm =01V -up + Qrup - V. (7.1)
c

By using the expressions for uu given in the previous section, we find
1
M_qm = a2k2Q1uﬁ(m -y -m)eg + k(Qluﬁ + Qz@OﬁD>ecW -m, (7.2)
¢

where we have combined the two cases of shear and sedimentation for brevity; g, vanishes to
the present order in ¢ for the applied couple case.

An explicit expression for ¢, in terms of averages of the local fields is given in Eq. (B.11) of
Appendix B. As before, these averages are obtained from the numerical simulations and we
parameterize them as

1
i = @’k g esm -y -m) + kq" e, W - m. (7.3)
c

Upon comparing with Eq. (7.2) we thus have
_ l y 4
A B (7.4)

It is found numerically that, as a function of k, | goes through 0. To avoid a singularity it is
therefore preferable to effect the extrapolation to £ =0 on ﬁD/Ql, 1/Q»; the results of this
operation are shown in Figs. 5 and 6, and numerical values are given in Table 5. As shown in
Figs. 7 and 8 the numerical results can be fitted as*

01 =3.32857", 0, = 34.55% (7.5)

It is clear that, if higher-order derivatives such as, for example, V(V - u,), were retained in the

4 An alternative, less good fit is provided by Q| = 4.00/3?)/2, 0, = 44.6/35.



258 M. Marchioro et al. | International Journal of Multiphase Flow 27 (2001) 237-276

0.6 .

»)

1/(Q,/8

|
0.0 0.5 1.0
ka

Fig. 5. The quantity ﬂOD/Q| defined in Eq. (7.4) as a function of ka for ﬁ% = 15% (triangles), 25% (black circles),
and 35% (squares); the lines are least-squares linear fits.

closure (7.1), the corresponding contributions would have a higher order in k than those
retained, and would therefore be unimportant in the limit k<—0. The situation is thus different
from that encountered in the previous section in which some terms with low-order derivatives
gave a contribution of the same order in &k as terms with higher-order derivatives. It is thus
justified to retain only the low-order terms in the closure (7.1).

8. The antisymmetric part of the viscous stress

According to Eq. (2.8), the antisymmetric part of the stress can be expressed in terms of the
polar vector V and of the axial vector R. The procedure is the same as that explained in detail
in the previous sections and therefore an abbreviated description will be sufficient.

8.1. Closure of V

The vector V is polar and therefore, a priori, it can be expressed as a linear combination of
the polar vectors listed in Section 5. Since it is the double curl of V that enters the final
momentum equation, in order to avoid spatial velocity derivatives of order higher than the
second, it would be sufficient to set V simply proportional to us. Nevertheless, we shall also
include higher-order polar vectors much for the same reason as in the symmetric part of the
viscous stress in Section 6, namely because some terms that would give a negligible
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contribution to the averaged equations appear to have the same order in k as us for some of
the flows that we simulate. Furthermore, by so doing, we shall derive consistency relations
useful as a check of the results. Thus, we postulate the following closure relation:

1
—V = Viup + V2a?En - VB 4 Vaa?Viuy, + V4a?V x @ + Vsa?Vp x Qa
Hc
+a*VeV(V -up) + a*Vi(up - V)V, + anguAVZﬁD + a*VyVuy. (8.1)

Expressions for up and u,, for the three cases were given in the previous section. In order to
proceed, we need to give corresponding expressions for €, which are the following:

Qp = kQ°m x We,.  sedimentation, (8.2)
Qn = a’k*Qe;m x y*,  shear, (8.3)
Q\=Yow + (Q”w” + Qla)L)eS couple, (8.4)
where
ot =w—-m- - o)m, o' = (m- o)m. (8.5)
0.9

0.6

0.0

-0.3 '
0.0 0.5 1.0

ka

Fig. 6. The quantity 1/Q> defined in Eq. (7.4) as a function of ka for ﬁOD = 15% (triangles), 25% (black circles), and
35% (squares); the lines are least-squares linear fits.
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In Eq. (8.4), Y(Bp) is the hindrance function for rotation introduced in Paper I (see also
Brenner, 1970; Brenner, 1984), where it was fitted as
w = (1 = o), 5.6

with ¢3 = 1.50, ¢4 = 0.41.
From a parameterization of the direct numerical results for V calculated from the expression
(B.16) we find, in the three cases,

1
V='W (vﬁW” + ViWL)es, (8.7)
Hc
1 _ 2 Call c L
%V =a k(va +vQy )ec, (8.8)
1 :
—V = d’kv'm x we,. (8.9)
Hc

With these expressions and the earlier ones for us and u, we have, for sedimentation,

'y =0, (8.10)

1.0 T T

0.9+
0.8

T

0.7

T

~

N 0.6

T

0.5

< 0.4

T

0.3

T

0.2
0.1

0.0
0.0

Fig. 7. The computed values of Q; (solid circles) and ¥} (open circles) as functions of ﬁOD; the lines are the fits (7.5)
and (8.16).



M. Marchioro et al. | International Journal of Multiphase Flow 27 (2001) 237-276

V” a2k2 K 0 s
+ Ty = Ve 4+ Vo) + @ V4V
dpfp B ﬁD ﬁD [u”( ° 5) ﬁD( ’ 8)]’

s 212
_@Oﬁ_u_l[/ +U—SV3 vL+aic
dfp  Pp P Po P

for the shear case

(Vs — OB Vs — 1, Vo),

H H 27,2 ||
Vi4+Vy= + a*k2 =L (Ve + vy,
gy ! B g o

U« VS a’k?
—V +Vy———V3=——
po ! By By By

and for the applied couple

(QS V4 + u‘i Vg),

Q 0 v a’k?
—(uV1 UV3)+ Vs +VVs = —— 4+ ——uly.
ﬁD ﬁls) ﬂD ﬁD

As before, we write ¢° = (D(ﬁD) and ¥° = lP(ﬁD)

261

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)

Fig. 8. The computed values of Q, (solid circles) and F, (open circles) as functions of ﬁOD; the lines are the fits (7.5)

and (9.16).
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Fig. 9. The quantity 7, given by Eq. (8.10) as a function of ka for [)’]03 = 15% (triangles), 25% (black circles), and
35% (squares); the lines are least-squares linear fits.

The first relation (8.10) only involves homogeneous averages and it is found numerically that v°
is independent of k. Upon using the value of ®° extrapolated to k = 0, we thus evaluate V; in
the same limit. The dependence of V| upon ak is shown in Fig. 9 and the values extrapolated
to ak = 0 are plotted as a function of f in Fig. 7. The dashed line is a fit of the form’

Vi =3.11p52". (8.16)
By evaluating the second relation (8.11) in the limit ak—0 we find
dV Uﬁ Vﬂ
@0— =+ _SVl = —7> (817)
dfp D D

which is a consistency condition similar to Eq. (6.32) encountered earlier. As in that case, we
fit the k-dependent numerical results by the quadratic 4 + B(ak)? and extrapolate to ak = 0. It
is found that the scatter is very small with B of the order of a few percent of A4 so that, the
extrapolation can be carried out with confidence. Segments with a slope given by this
extrapolation are attached to the calculated values of Vi(fp) in Fig. 7. It appears that these
slopes are consistent with the trend of the results. Numerically, for f, = 15%, the two sides of
Eq. (8.17) equal 0.0937 and 0.0985, respectively; for i, =25% 0.0571 and 0.0624; for 5, =
35% 0.0400 and 0.0391.

5 Another, not as good, possibility with a simpler exponent is ¥, = 3.25[3;))/4.
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Eq. (8.13) evaluated for £ = 0 can be used to find V,; with V; and V, known, one can find
expressions for V3 from both, Eqgs. (8.12) and (8.15). We will not show these results as the
corresponding terms, when inserted in the momentum equation, would contain spatial
derivatives of order beyond the second.

8.2. Closure of R

It is the curl of R that enters the momentum equation and, in order to have second-order
velocity derivatives at the most, first-order derivatives in R would be sufficient. Nevertheless, as
before, we include second-order terms as well. On the basis of the analysis of Section 5, we set

1
—R = RiQ2x + Roa’V x (Ep - VBp) + Raa’VA(V x uy) + RyV x up + RsVB, X uy
Uc

+ Rea’V(V - Q)) + R1a*(Qna - V)VPp + a>RsQaV?fp + a’*Ro V> Q. (8.18)

By calculating R according to its expression (B.15) and suitably parameterizing the results, we
find, for the case of sedimentation,

1 :
—R = kr‘'m x We,, (8.19)
Hc

for the case of shear

1
—R = a’k*r'm x e, (8.20)
He

and, for the applied couple,

1 , ,
R= Ao+ (,f;‘wn + rimL)es. (8.21)
C

By comparing with Eq. (8.18), in which suitable substitutions are made for the primary
variables u,,, ua, etc., we have

QR — RyU* 4 Ryt + P°BLRs = r° + a*k*Q Ry, (8.22)
for sedimentation,

QR — Ry + URs — u, Ry = 1’ + a*k* Q@ Ry, (8.23)
for shear, and

POR, — . (8.24)

(AR, :
QR + ‘Poﬁbﬁ; = 1} + a*k2[Q)(Re + Ro) + P B5(Ry + Ry)], (8.25)
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Q R+ ?’Oﬁg% — a*k*(URy — uRy) = 1 + a*k*(P°BLRs + Q1 Ry), (8.26)
D
for the applied couple.

It will be shown below in Eq. (9.24) that Q; = @, so that, for consistency of Egs. (8.25) and
(8.26) in the limit k—0, one must have r| =}, which is indeed numerically verified. From the
first term in the expression (B.15) for R, from the expression (B.18) for the hydrodynamic
couple, and from the definition (4.8) of w, it can be shown that r° in the right-hand side of Eq.
(8.24) equals 3/301) so that the first equation (8.24) simply shows that

Bp
¥ (pp)’

where, as mentioned before, ¥ is the rotational hindrance function for a uniform suspension.
By using this relation in Eq. (8.25) or (8.26), again in the limit k—0, we find

¥

TO

Ri(Bp) =3 (8.27)

d¥ .
(Qn - ﬂB%) =) — 3pp. (8.28)

From Eq. (9.24) derived later, the left-hand side vanishes. The numerical evidence for the right-
hand side is consistent with this conclusion.

Unfortunately, the remaining equations are insufficient to calculate the other closure
constants, and in particular R4 and Rs, that multiply terms that would make a contribution in
the momentum equation. In order to determine these coefficients it appears necessary to
simulate other flow situations.

9. The inter-phase interaction force and couple

In view of the vectorial nature of the interphase interaction force f, on the basis of the
considerations of Section 5, we may represent it as

vf = 6nuca’fela 2 Fiuy + FBEy - VB + F3V2uy 4 F4V x Q) + FsVp x Q4

+ FsV(V -up) + Fr(up - V)V + Fyua V2 + FoV3uay |. 9.1)

Contrary to the previous cases in which the quantity to be closed had to be suitably
parameterized on the basis of numerical results, here we readily find an exact analytical
expression. For this purpose, we eliminate f between the momentum equations (2.5) and (2.6)
to find

V(= pm + Zc) = —(Bepc + Popp)e (9.2)

Upon substitution into the disperse-phase momentum equation (2.5) we then find (with
Uy =0)

vf = 6mapc-pfcW. (9.3)
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In the couple and shear cases g vanishes and, from Eq. (4.6), so does W. In these cases,
therefore, f = 0. We also recall from Paper I, Eq. 8.1, the definition of the hindered settling
function @,

uy = B(fp)W. 9.4)
and note that, as in Eq. (6.7),

ary
dfp

With these results and the earlier expressions for ua, u,, and wa we find, for sedimentation,

Fi(fp)ua = [Fl (ﬂ%) + ﬂf)ex]uA + 0(e?). 9.5)

oF =1, (9.6)
s Od‘Fl S 21.2] .. 0 ps
i+ 0 L By = —ak [u”(F6 + Fo) + OBl (Fy +Fg)], 9.7)
D
s OdFl S K 21.2(O¢ 0 s K]
'\, Fy + @ @ﬁD + U'F3 = a’k*(Q°Fy — OB Fs — v Fy), (9.8)
for shear
Ul Fy — B Fy = —a’k*u(Fe + Fo), (9.9)
U\ Fy — BpFs + UFs = —a’k*(Q'Fy + u Fo), (9.10)

and for the applied couple
uF) + UF; — Q  Fy — Y'BLFs = —a*k*uFs. 9.11)

The number of equations is smaller than the number of unknowns which therefore cannot all
be determined. We limit ourselves to the terms of order 0 in ak and drop all terms of order
a’k>.

Eq. (9.6) shows that F; is the inverse of the hindered settling function &, which simply
follows from the definition of this quantity; a fit to the numerical results was given earlier in
Eq. (6.18). When Eq. (9.6) is used to eliminate F; in Eq. (9.7), neglecting the terms of order
(ak)?, one has

do
dfp
Similarly, from Egs. (9.8) and (9.10),

S
U =

Bp- (9.12)

S S C _ C
_ymw oy muy

Fy= ., Fi= :
3 Us@o 3 UCQ)O

(9.13)
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Table 6

Computed values for some of the closure terms for the force and the hydrodynamic couple

By (%) F F3 L
15 2.78 0.380 1.14
25 4.17 0.666 2.24
35 591 1.26 3.77

while, from Eq. (9.9),

= .
T e

(9.14)

It is understood that all the coefficients in these relations are evaluated in the limit k—0.

The relation (9.12) can be checked since uj is found from a fit to the numerical results while
the right-hand side is calculated from Eq. (6.18). For ﬁOD: 15, 25, and 35%, one finds
uj = —0.345, —0.313, and —0.238, while (d®/dfp)fp, = —0.370, —0.324, and —0.238. The
agreement is quite satisfactory. For f = 15%, the right-hand sides of the two expression for
F3 (9.13) are found to converge to the values 0.370 and 0.389 as ak—0. These numbers are
sufficiently close to be considered equal within the accuracy that can be expected in the present
calculations. The situation is similar for 25 and 35%, where one finds F3; = 0.668, 0.664 and
1.38, 1.13, respectively. In the dilute limit, F3 is the coefficient of the Faxén term in the force
and therefore equals 1/6. The three computed values plus F3 = 1/6 for ﬁOD =0 are shown in
Table 6 and Fig. 10, where the line is a fit of the form

1
Fy=2+ 6.777p5"%". (9.15)
It can be seen that the computed values are consistent with the analytical result at ﬁOD =0.
Finally, from Eq. (9.14), one can evaluate F, with the results given in Table 6 and shown in
Fig. 8; the line is the fit°

Fy = 14.65%%, (9.16)

As in the previous cases, it is impossible to determine the remaining coefficients using only the
results of the three flows simulated in this study.

If the k-independent terms are subtracted from the two sides of Eq. (9.12) and the result
divided by ak, one has a relation that is not verified numerically. We believe that this
circumstance is due to the fact that the k& dependence of @ is contaminated by the periodic cell
structure of the suspension, as indicated by the fact (already mentioned in Section 4) that @ is
found to depend on k even in the uniform case. Short of an analytical proof, a fully
satisfactory resolution of this matter requires the use of different spatial periods for the spatial

. 1 . .
® Alternatively, F» and Fs can be fitted as F» = 17.35fp, F3 = G +9.49[31%. The quality of these fits is however
somewhat inferior.
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Fig. 10. The parameter F3 given by Eq. (9.13) as a function of ﬁOD; the line is the fit (9.15).

non-uniformity and the fundamental cell structure of the suspension, as discussed in Section 4.
Unfortunately, the conspicuous computational resources necessary for this task are beyond
those presently available to us.

The last quantity that needs to be closed is the hydrodynamic couple acting on the particles.
This is an axial vector and can therefore be closed similarly to Eq. (8.18):

iJ dSr x (oc - m)
Hc |r|=a

= —L,Qx + Lra’V x (Em . VﬁD) + L3a*V2A(V X up) + L4V x up + LsVfy x up
+ Lea®V(V - Qp) + L1a*(Qn - V)Vfp + a>LgQaV?Pp + a> LoV Q4. 9.17)

The angular momentum balance equation shows that the integral in the left-hand side equals
minus the applied couple and therefore vanishes for sedimentation and shear. Proceeding as
before, we therefore find

—QLy — ULy + 1, Ly + 9B Ls = a’k*Q° Ly, (9.18)
for the case of sedimentation

~Q'Ly — ByLy + ULy — t Ly = a’k*Q° Ly, (9.19)
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for shear, and

POL, = 6p, (9.20)
0 ps dL, s 27.2 0 ps
—QL — ¥ ﬁDJ = —6vr’ 4+ a*k*[Q)(Le + Lo) + Y°B (L7 + L), (9.21)
D
0 ps dL, s 27,2 0 ps
-Q L -V ﬁDJ = —6vr* + a*k*(ULs — uLy + POBYLs + Q1 L), (9.22)
D

for the applied couple. Eq. (9.20), which follows from the definition of the hindrance function
for rotation (see e.g. Eq. 10.1 in Paper I) shows that Ll(ﬂ%) = 6/3%/3”0 =2R;. Upon
eliminating L, between Egs. (9.21) and (9.22), in the limit k—0, one finds

v
Q=Q = 5b%- (9.23)

The three quantities appearing here are shown in Table 7 where a good consistency is
observed. Again, it is not possible to determine the other coefficients.

10. Discussion and conclusions

In this paper, we have developed a method to deduce closure relations for the averaged
equations describing a spatially non-uniform disperse two-phase flow of equal spheres in a
viscous fluid. The method is systematic and relies on an averaging procedure to reduce the
closure quantities to numerical coefficients multiplying the primary average fields and their
derivatives. The coefficients have been calculated on the basis of extensive numerical
simulations.

The constitutive relations determined have been presented in Sections 6-9. Due to the
manner of their derivation, some of these relations would give rise to spatial derivatives of
velocities of order higher than 2 when substituted into the momentum equations. Such terms
represent effects of higher order in the ratio of the particle radius to the macroscopic length
scale, and can be expected to be small. Furthermore, their presence would render necessary the
formulation of new boundary conditions to be used for the solution of the equations. For these
reasons it seems reasonable to drop them, at least for the time being. With this simplification,

Table 7

Numerical values of the quantities appearing in the consistency relation (9.22)

Bo (%) - -, ~Bp(d¥/dfp)
15 0.218 0.211 0.193

25 0.340 0.332 0.292

35 0.429 0.416 0.373
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collecting the previous results, the final expression for the viscous stress becomes
2c = —(le S Up + QzllA . VﬂD)I + 21ueffEm + 2uAEA + 2‘uAEv + UceE - [R]QA + R4V

X up + RsVfp x up — V(VluA)], (10.1)

where € is the com_pleteily antisymmetric three-tensor. Here, up = w — uy, is the particle “‘slip”
velocity and Q, =Q — =V x uy, the slip rotational velocity; E, is the rate of strain of the field
up and E;, the analogotis tensor related to the mixture volumetric flux u, defined in Eq. (A.1);
Ey is defined in Eq. (5.9). The effective viscosity u. is the same as that found by earlier
investigators; u, and uy are other viscosities the values of which are given in Tables 2 and 3
for particle volume fractions fp =15, 25, and 35%. Section 9 describes closures for the
hydrodynamic force and couple acting on the particles.

In addition to the viscosities, the constitutive relation (10.1) contains several other volume-
fraction-dependent coefficients such as, R;, Ry, etc. for the determination of which a sufficient
number of relations is required. By considering three different flow situations — sedimentation,
shear, and applied couple — we were able to generate some of the required relations. The
missing ones will require the simulation of other flows.

Even though the closure method that we have developed is systematic, it is not exact. We
quantify the non-homogeneity of the particle distribution in terms of a small parameter and
use a perturbation expansion in terms of this parameter truncated to first order. In principle,
one could carry other orders (and in practice at least one more) to gain further information.
This approach might be useful also to attack flows with small, but non-zero, particle Reynolds
number.

A significant practical difficulty that we have encountered is that our method requires a
consideration of the limit of large cell sizes L (or, more precisely, of ka—0, where a is the
particle radius and k = 2n/L). Approaching this limit requires in turn a relatively large number
of particles in the fundamental cell, while we were limited to a maximum of about 60 by the
computational resources at our disposal. Secondly, convergence of the ensemble averaging is
very slow and, even with 1000 or more configurations for each computed point, some of our
results were plagued by a significant statistical noise. We expect that faster computers and
better algorithms (e.g., that of Sangani and Mo, 1996 or another one under development in
our group) would make a significant difference. We hope to be able to refine the present
calculations in the near future.

A fundamental limitation of the method as presented in this paper lies in the use of an
assumed probability distribution — randomly arranged hard-spheres — that is not correct for
a flowing suspension (Batchelor and Green, 1972; Brady and Morris, 1997). Whether the
present approach can be extended to deal with a more realistic particle probability distribution
is, at present, an open question. However, on the basis of a similar experience with
homogeneous suspensions where the particle probability distribution affects the numerical
value of the effective viscosity but not the Newtonian nature of the rheological constitutive
relation, it might be expected that at least the functional form of the equations that we have
found would remain valid.

In spite of these limitations, an interesting conclusion of the present study — that can be
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expected to be independent of the probability distribution — is the qualitative difference
between uniform and non-uniform suspensions. A spatial non-homogeneity confers to the
suspension rheological properties that cannot be inferred on the basis of those of a
homogeneous one.

An important task still ahead is of course the numerical solution of the averaged equations.
It is only in this way that one can judge the effect and importance of the various terms and,
most importantly, compare with experiment. It might also be possible to determine some of the
closure parameters by comparing the results of such simulations with experimental data or
direct numerical simulations.

It was shown in both this paper and in Paper I that, in a non-uniform suspension, an
interphase slip velocity develops even in situations (e.g., uniform shear) for which no such slip
would exist in the uniform case. This result hints at the possibility that the closure relations
derived here might contain the phenomenon of shear-induced particle migration. Since we have
an explicit momentum equation for the particle phase, this effect would appear here not as
diffusion, but as the response of the particles to deterministic (average) forces’. A similar
conclusion has been reached by other means by Nott and Brady (1994). In order to verify this
conjecture, it will be necessary to wait until solutions of the averaged equations become
available.
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Appendix A. Definitions

We collect here several definitions relating to the quantities introduced in Section 2.
The mean volumetric flow rate u, may be written as

Uy, = fcluc) + Pplup), (A.1)

where uc p are the velocities of the phases and the ensemble averages, indicated by angle
brackets, and are defined by

1
Be. pluc, p)(x, 1) = ﬁj d%" yc(x; N)uc, p(x, t; N)P(N, 1). (A.2)

Here the notation uc, p(x, #; N) stresses the fact that the instantaneous velocities at point x
and time ¢ are evaluated when the N particles are in the configuration 4”. It should be noted

"One would expect that a description in terms of diffusion would be recovered by deriving an approximate re-
lation for up from the particle momentum equation and substituting it into the particle number equation (2.2).
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that the disperse-phase average velocity (up) is different from the particle average velocity w
that is defined by

N
n(x, HW(X, 1) = %J dC NP(N)|:Z(5(X - ya)wa(N):|
: o=1

1

= mj deV ' P(x, w, N — Dw'(x, w, N — 1) (A.3)

in which w* is the velocity of the ath particle. The difference consists in the fact that (up) is the
mean velocity of all the particle material contained in the unit volume, while w is the mean
velocity of the particle centers of mass contained in the unit volume. The two quantities are of
course equal in a spatially uniform suspension. In general, however, they are related by

062

4 2 2
(14 F ey 4y ) ; a<1 @ )v a A4
PBp (up) <+10 +aegV (nvw)+5 +aV x (nvQ), (A.4)

where Q is the particle-average angular velocity. In a similar way, f, is not exactly equal to nv:

According to the results of Paper II, the mixture pressure p,, is given by

2 — 1
Pm = Pclpc) + <1 + %V2>[nvp"] + gaZV- |:nJ|r|:a dS(— n)pc:|

1, 1
—a“VV: — =1 A.
TS {”Lﬂza(‘“‘ 3)’4* (A-0)

Here pc is the continuous-phase pressure, (pc) is defined as in Eq. (A.2), the integrals are over
the surface of the particles, and the quantity p¢ is the average of the mean pressure over the
particle surface defined by

P, t;N) = dS,pc(x +r, t|N). (A.7)

3
47'Ca2 r|=a

The various particle averages in Eq. (A.6) are defined as in Eq. (A.3).
When adapted to the present case of constant hydrodynamic force, the expression given in
Eq. (5.33) of Paper II for the symmetric part of the stress S is

2
S = Pc(loc) + (pc)D) + (1 + ?—4V2)(nt5) + V(ns®) + VV:(nr®), (A.8)

where t*, s°, and r® are tensors related to moments of the traction at the particle surface and
expressible in terms of averages of Lamb coefficients as shown in Appendix B. Specifically, t° is
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the stresslet given by

0 0
(75 +77).

1
9_2 aJm—a ds, |:nj(ac . n)i—gé,j(n . oC - n)].
Similarly,

s 1
Skji = 2<yk/1 + Skz]) - §6U°5p2mm’

S 1
Vlkji = (ﬁlka + @lku> 3511 %/kmm
with
0o _ 1, d ! 0 0 0
S ki = 74 " Si | ninj(ac - n)i_g( j(m - 0C) oM - o), +0ki(1 - O'C)j) >

1
Riji = 8a3J dS,nngnj(ec - m),,
|r|=a

2 2

,@lkﬂ = gglkji - 84511k1pq=/ + 30 Véljklp

In Zhang and Prosperetti (1997) it was also shown that, for rigid particles,
Beloc) = —Be(pc)l + 2ucEn.

The average total hydrodynamic force on the particles is
o = J dSO'C - 1.
[r|=a

The antisymmetric part of the stress is

A= %n(T?Z > + 3k|:2 (yk,, yk,,)i| + 313k|:2 <$1k,, 9?1/(,,)]

and the isotropic part

2

1
dm = —V(n%*) - 3/(31(nlk/) +—

lsaznV c ol — ak(nsjcmm) - alak(nr;kmm)’

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)
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where .o7*, ()" denote the part of .oZ, t° arising from the viscous stresses, i.e.

AT = J dS(O'C +pcl) -, (A.ZO)
Ir|=a

T = aJ dSr{”j[(UC +pcl) - n]i—%éij[n(ac +pcl) - n] } (A.21)

Ir|=a

Appendix B. Explicit expressions

The relations of Appendix A are general and are valid whether or not the local particle
Reynolds number is small. If the particles are immersed in a local Stokes flow, more specific
expressions in terms of the local microscopic fields near the particles can be obtained. Here we
present such explicit expressions which make it possible in practice to evaluate the averages
numerically.

If the sphere a is immersed in Stokes flow, an exact solution for the flow fields is known in
the form (Lamb, 1932; Kim and Karrila, 1991):

pe= NCZPZ: (B.1)
o - 1 1 2 o o o o
o= Z|:(n + D@ +3) (2(” + 37V, ”Pnf> + Vg, + V(%)} (B.2)

—0o0

where each one of the p% ¢}, and y% is a spherical harmonic of order n, r =x —y” is the

distance from the particle center and r = |r|. Here and in the following we follow the notation
of Mo and Sangani (1994) to whose paper the reader is referred for details.

With these expressions, the surface integrals appearing in the definition (A.6) of the mixture
pressure given in the previous section can be calculated with the results

P° = po, (B.3)
o — 0
dSnpc = vWVrip_, — ;vVﬁqu, (B.4)
|r|=a
1 @ e 2 -
dS{nn — =TI |pc = —vVVrip_3 — —vVVri¢*,. (B.5)
Ir|=a 3 5 2

Here and in the following the notation implies that all the r-dependent quantities are evaluated
at the particle center r =0 after taking the derivatives with respect to r. Inserting these
expression into Eq. (A.6) we find



274 M. Marchioro et al. | International Journal of Multiphase Flow 27 (2001) 237-276

2 2
Pm = Pclpc) + <1 + =V )(nvpo) - %V[anﬁp_z - %V- (anVr5p_3):|

10

I B
+ 6V |nvVrig*, — §V(anVr5q5i3) )

(B.6)

The other quantities introduced in the previous section can also be calculated explicitly. The

results are

: 22—
ty = —gnaja,-(rSp,3),

S 2 1 e
S‘kjl. = 2—a<5_,-k8,» + 5[](3_1' 35,,8k)[ (r3d) ) (r3p 2)] 304 38k8 i0; (V p— 4)

S v %
Fiji = WI::S (5,~k8ja, + 5]‘/(31'81 + 5i18j3k + 5j18,~8k) — 4(5,’/81(81 + 5klai3j)] (r5q’>_3)

28.35a| 3

y 8
+—— [5;';3k31 — 90110;0; — 2(0id;0; + 05 0;0; + 04190k + (3_/'13i3k)] (rp_3)

~ 3404 3818k8 0; (rp 5)

where

612

(]S,n,] = ¢—n—l 4I’l+

2pn1

The isotropic part ¢, is found to be
1

Gm = £a2V[an(r3p_2)] - gazan V(rip_s) + 2V[an(r3¢ )]

15

= L ov w5 | - Larvw ety |

70 2

The combinations arising in the antisymmetric part (A.18) are

1 v
2 (75 73) = Gemnr).

1 " 1 3
(ykn yz,:,-) = 2—a(5jk8i - 51{1’8]‘) (§V3p_2 + E,,3(15_2>

y -
- Eeijmakam (FSX—3)9

1 3y — v —
(e@[kﬂ ‘@lku> loaélkngnqan1(r3X_2) + —10613 Cl']‘ma/akam(l’7}(_4).

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)



M. Marchioro et al. | International Journal of Multiphase Flow 27 (2001) 237-276 275

Upon comparing with Eq. (2.8), Aj=¢jm(Rm —&nq9,V,), one immediately finds

3 a? _ nW—_——7—=—-~
R= E(l + Ev2> <’1VV(’3X72)) - V[EVV(VSX3)]

n ———-—7-+
+ VV:[WVVVBm(r7x_4)}, (B.15)
nv|1 3 -

Finally, we give the expression of the total mean hydrodynamic force on the particles:
[oc] = —4napcVrip_s. (B.17)

and for the total mean hydrodynamic couple:

1 .
—J dSr x (o¢c - n) = 3vVriy_,. (B.18)
Hc |r|=a
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